Abstract. We give an example of a family of 15 skew lines on a quintic such that its class is divisible by 3. We study properties of the codes given by arrangements of disjoint lines on quintics.
Introduction
The aim of this note is to study sets of lines on quintic surfaces Y ⊂ P 3 (C). A divisor Λ is said to be 3-divisible if its class in NS(Y ) is divisible by 3. If
with disjoint lines L i ⊂ Y , is 3-divisible, we call it a (p, q)-divisor. In this note we give an example of a (12, 3)-divisor (see Sect. 2). We prove bounds on the weight and the dimension of the code given by a (p, q)-divisor. We also collect restrictions on the numbers (p, q), see Sect. 4 .
It is well-known that the maximal number of disjoint lines on a smooth quartic X 4 is 16 ( [10] ). If a family of skew lines on X 4 is even (i.e. divisible by 2), then it consists of eight or 16 lines ( [10] ). Every family of 16 skew lines on a quartic is a sum of even families of eight lines, whereas a family of eight lines is even under a condition that involves the existence of a configuration of rational or elliptic curves ( [1] ).
In the case of a smooth quintic surface Y , it is not known whether the bounds [9] (at most 30 skew lines), [13] (at most 147 lines) are sharp. One can see, however, that a family of 30 skew lines on Y , if there is any, defines a d-dimensional F 3 -code with d ≥ 4. Moreover, by the Griesmer bound, such a Y must contain (p, q)-divisors with p + q ≤ 18.
In this note we prove that the support of a (p, q)-divisor contains at least 15 lines, and that this bound is sharp. We give analogues of conditions [1] for a family of skew lines to be 3-divisible. We apply S.-L. Tan's generalization of Beauville's technique to prove that every (p, q)-divisor is a sum of (r, s)-divisors with r, s ≤ 15. Finally, we show that a reduced 3-divisible family must consist of 15 lines, and compute invariants of the triple covers associated with (p, q)-divisors.
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Three-divisible divisors with at most 18 lines
Let Y be a smooth quintic surface in P 3 (C). In this note we study properties of the divisors
where the L i are pairwise disjoint lines on Y and L ∈ Pic(Y ). The divisor Λ will be called a (p, q)-divisor. We assume p ≥ q.
Let K Y be the canonical divisor of Y . We have the equalities
Since deg(L) = 1 3 (p − q), both p and q are divisible by 3. Moreover, h 0 (L) = 0 for every p, q. 
Proof. a) An irreducible curve ⊂ Y of degree ≤ 3 has arithmetic genus ≤ 1 and negative self-intersection on Y , a surface of general type. Hence if D is moving, then deg(D) = 4, and the generic C ∈ |D| is irreducible. If the generic C ∈ |D| is singular, we find a base point at which all C ∈ |D| have multiplicity ≥ 2, which yields D 2 ≥ 2 2 , and contradicts our assumption. By adjunction and Castelnuovo's inequality, the generic C ∈ |D| is planar. Let L 0 be the line in
If the generic C ∈ |D| is irreducible, we can find a smooth quintic in |D|. By Castelnuovo's inequality the only smooth irreducible quintic D ⊂ Y with nonnegative self-intersection is the planar one. Hence 
Hence L is effective, which contradicts (2.1). ω (resp. ε) stands for a primitive root of unity of degree 3 (resp. 5), 
belong to the other one. Fix an s 0 ∈ {0, . . . , 4} and define One can prove that S contains precisely 55 lines, and that the maximal number of pairwise disjoint lines on S is 19 (e.g. the family
consists of 19 skew lines). Moreover, the only divisors supported by at least 15 skew lines which meet all of those 55 lines with multiplicities divisible by 3 are the ten divisors defined as Λ. The fact that Λ is a (12, 3)-divisor results from Lemma 2.4. (
Moreover, in this case
. . , L 18 be a family of skew lines on a smooth quintic Y .
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Lemma 2.5. The following conditions are equivalent:
Moreover, in this case
: Define D and L as in the proof of Lemma 2.4. By the equality (2.2) the system |D| contains a (possibly reducible) cubic C. Since p a (C) = 0 and C.L i = 2 (resp. C.L i = 0) for i ≤ 12 (resp. i > 12), it suffices to prove that C is irreducible.
Suppose that the contrary holds. Since
"(2) ⇒ (1)": Apply the Hodge index theorem.
Lemma 2.6. The following conditions are equivalent:
Moreover, in this case
10 L i ) and apply the Hodge index theorem.
Covers and codes given by (p, q)-divisors
Let us consider the mapping ϕ :
Observe that every vector (word) in ker(ϕ) corresponds to an effective 3-divisible Λ ⊂ Λ (we write Λ ⊂ Λ instead of supp(Λ ) ⊂ supp(Λ)).
In this section we prove a lower bound on dim
The bundle L defines a 3 : 1 cyclic cover Z → Y branched over the lines L i (see [3, 
I. §17]) . Its structure sheaf O Z is the O Y -algebra
The surface Z is smooth over the lines L i , where i ≤ p. It is singular (with local equation z 3 = x 2 ) over the lines L i for i > p. Let ν : X → Z be the normalization of Z, and letL i ⊂ X be the (reduced) rational curve lying over L i . Then X is smooth and we have the exact normalization sequence
where IL 
Proof. The sequence (3.3) implies that h
Observe that Z is given by the Galois triple cover data (L,
We will need the following version of [7, Lemma 3.2.1]:
Proof ( [7] ). Let Tor 3 (X) denote the group of 3-torsions in Pic(X) and let Tor 3 (X) . This yields the equality
[7, Cor. 1.2.3] gives the inequality dim Proof. Let 3|Λ, where Λ := 27 1 L i . Thm 2.2 implies that Λ can contain only (9, 9), (12, 12) , (12, 3) and (3, 12) divisors. By Cor. 3.3 and (4.1) it contains a (12, 3)-divisor. We can assume that
Corollary 3.3. For every (p, q)-divisor, the following inequality holds:
Proof. Suppose 3L 3 ⊂ Λ, where 3L 3 is a (12, 3)-divisor in which preciselyp (resp.q) lines L 25 , L 26 , L 27 appear with multiplicity 1 (resp. −1).
In the first case, we have N 1 ) , where l k is a permutation and
Let p j (resp. q j ) be the number of the lines L i , where i ≤ 12 (resp. i > 24), that meet N j . Assume that q 1 ≥ q 3 ≥ q 2 . Suppose that (q 1 , q 2 , q 3 ) = (1, 1, 1) . Then q 1 ≥ 2 and q 2 = 0. Observe that 3 | (p 1 − q 1 ) = 3L 1 .N 1 .
If
Repeating the same reasoning for L i , where 12 < i ≤ 24, and 3L 2 , one gets
Claim 2
Fix a (9, 9)-divisor 3L 3 ⊂ Λ. Let 3L 4 ⊂ Λ be a (9, 9)-divisor. One can see that in the word given by one of the divisors ±3L 3 ± 3L 4 all the lines L 25 , L 26 , L 27 appear either with multiplicity 1 or with multiplicity 0, so (by Claim 2) that word is not given by a (9, 9)-divisor, and (by Claim 1) belongs to span{3L 1 , 3L 2 }. Therefore, 3L 4 ∈ span{3L 1 , 3L 2 , 3L 3 }, so dim(ker(ϕ)) = 3, which contradicts Cor. 3.3. 
If 3L 1 = 3L 2 ⊂ Λ are (9, 9)-divisors, where L 1 , L 2 are the divisors described in Lemma 2.6, and supp(L 1 ) ∩ supp(L 2 ) contains a line, then one of the divisors 3L 1 ± 3L 2 is a (9 − r, 9 − r)-divisor. Thus r = 0, which contradicts Lemma 4.3.
Let 3L 1 = 3L 2 ⊂ Λ be (12, 3)-divisors, C i ∈ |K Y − L i |, and let C 1 ∩ C 2 contain a line. Then, by Lemma 2.4, supp(3L 1 ) ∩ supp(3L 2 ) consists of either 3 or 6 lines. In both cases, Λ contains a (12, 12)-divisor Λ 3 (given by 3L 1 − 3L 2 , resp. 3L 1 + 3L 2 ), so Λ − Λ 3 = (6, 12). Contradiction.
Let 3L 1 (resp. 3L 2 ) ⊂ Λ be a (9, 9)-divisor (resp. (12, 3) 
